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Abstract—Analyzing datasets, such as sea-level records,
pose a challenging statistical problem for reasons including
non-stationarity, non-uniformly smooth spatial boundaries,
and sparsity in the data. In this paper, we propose a framework to estimate the non-stationary covariance function
by employing intrinsic statistics on the local covariates.
These local covariates represent the underlying local correlation in the measurements, and they are assumed to lie
on a Riemannian manifold of positive definite matrices.
Additionally, we provide a technique for data-assimilation
of correlated natural processes in order to improve the
regression estimates arising from spatially sparse datasets.
Experiments on a synthetic and real dataset of relative sealevel changes across the world demonstrate improvements
in the error metrics for the regression estimates using our
newly proposed approach.

I. M OTIVATION
Analyzing complex natural processes, such as the
global distribution of sea-level changes, poses many
statistical challenges. One such challenge is modeling
the non-stationarity of the underlying stochastic process,
which has been addressed by [1], [2], [3], and [4] in
the context of climate related variables. [1] and [3]
use the spatially evolving smooth kernels to represent
the characteristic length scale (local covariates) of the
covariance function, which, in turn, model the local
correlation structure of the stochastic process. In our
experiments, we found that the approach of [1] was
the most promising as its model is entirely in the
non-parametric Gaussian Process (GP) framework. Even
so, [1] uses a homogeneous set of hyperparameters
to ensure smoothness of the local covariates in the
input space. We show in our experiments that using a
homogeneous set of hyperparameters is inefficient for
global-scale sea-level changes. Additionally, none of
the aforementioned approaches address the issues of
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non-uniformly smooth spatial boundaries and sparsely
distributed measurements in the datasets.
In this work, we propose a method to model the
global scale non-stationary stochastic process, as well as
a method to non-parametrically model the boundaries of
the regional geophysical variability (i.e. non-uniformly
smooth spatial boundary) and the irregular geospatial
measurements of the response variable (i.e. spatially
sparse dataset). Addressing these issues can be useful
in capturing the region-wise correlation structure and in
reducing biases in the regression estimates.
II. M ETHOD
To address the aforementioned issues at a global
scale, we propose a model of the covariance function (as
described in [5]) that considers the inherent geometric
structure of the local covariates to lie on a Riemannian
manifold of positive definite matrices [6], [7]. This
covariance function, which we call the intrinsic nonstationary covariance function, can be used in the
standard krigging methods (such as [8]) to give the final
regression estimates for the sea-level datasets.
Figures 1 and 2 depict the general framework of
our approach, and following are the general steps for
designing such a covariance function:
1) Initialize the local covariate estimates by computing
the spectral decomposition of the input space (latitude, longitude) training data points (as described
in [1]).
2) Improve the local covariate estimates by computing
the second-order intrinsic statistics on the manifold of
the initialized local covariates (as described in [5]).
3) If a separate source of the dataset is available and
is geophysically correlated, then apply the dataassimilation technique. For this step, compute the
above steps for the additional dataset, and then again
apply the second-order intrinsic statistics on the manifold of all of the collected datasets’ local covariates.
4) Finally, the local covariates are spatially convolved to
give the estimates of the characteristic length scale
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(CLS). This CLS is then used to form the nonstationary covariance function (as described in [5]).
100 ° W

90 ° W

80 ° W

70 ° W

60 ° W

50 ° W

Spatially evolving kernels

(xj , ⌃j )

°

50 N

(x4i , yi4 )
3 3
(xi , yi ) (xi , yi )

40° N

(x1i , yi1 )

(x2i , yi2 )

⌃4i

⌃3i

f

⌃i

our proposed covariance function improves the statistical
estimates of the sea-level datasets. Future work will explore additional sources of correlated datasets that could
further aid in sea-level estimation across the world.
TABLE I: Evaluations of the synthetic (GIA) and real
(TG) datasets. Datasets’ results are in units of mm/year.
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StatGP
0.58
3.08
0.85
2.81

NSGP
0.56
2.00
0.75
2.82

iNSGP
0.54
1.94
0.71
2.78

idfNSGP
0.52
1.91
0.66
2.75
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Fig. 1: Framework for the intrinsic non-stationary covariance function.
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Fig. 2: Framework for data assimilation using the intrinsic non-stationary covariance function.
III. E VALUATION
To gain insight into the applicability of our proposed
covariance function, we implemented and compared
kriging with four different covariance functions: the
widely used stationary anisotropic Matérn covariance
function (statGP) of [9], the baseline non-stationary
covariance function (NSGP) of [1], and the intrinsic
non-stationary covariance function (that we propose in
this paper) using a single source (iNSGP) and multiple
sources (idfNSGP). These methods were evaluated using
two standard performance measures for kriging: the standardized mean squared error (sMSE) and the negative log
predictive density (nLPD).
The two datasets used are: the geophysics driven
synthetic data of the relative sea level (Glacio-Isostatic
Adjustment - GIA), as modeled in [10], and the globalscale real dataset (Tide Gauge - TG) collected in [11]. To
perform data-assimilation experiments, two additional
datasets were used: the GIA vertical land motion, as
modeled in [10], and the satellite altimeter [12].
Table I summarizes the performance of the four covariance functions (statGP, NSGP, iNSGP, and idfNSGP)
when implemented on the two datasets (GIA and TG).
The table also shows the improvements in the evaluation
metric using iNSGP, as well as the best error metric
value achieved using idfNSGP. These results suggest that
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